Abstract. An additive system for the nonnegative integers is a family (A i ) i∈I of sets of nonnegative integers with 0 ∈ A i for all i ∈ I such that every nonnegative integer can be written uniquely in the form i∈I a i with a i ∈ A i for all i and a i = 0 for only finitely many i. In 1956, de Bruijn proved that every additive system is constructed from from an infinite sequence (g i ) i∈N of integers with g i ≥ 2 for all i, or is a contraction of such a system. This paper gives a complete classification of the "uncontractable" or "indecomposable" additive systems, and also considers limits and stability of additive systems.
Additive systems and de Bruijn's theorem
Let N 0 and N denote the sets of nonnegative integers and positive integers, respectively. Let I be a nonempty finite or infinite set, and let A = (A i ) i∈I be a family of sets of integers with 0 ∈ A i and |A i | ≥ 2 for all i ∈ I. Each set A i can be finite or infinite. The sumset S = i∈I A i is the set of all integers n that can be represented in the form n = i∈I a i , where a i ∈ A i for all i ∈ I and a i = 0 for only finitely many i ∈ I. If every element of S has a unique representation in the form n = i∈I a i , then we call A a unique representation system for S, and we write S = i∈I A i .
Let A be a unique representation system for S. Then A i ∩ A j = {0} for all i = j. The condition |A i | ≥ 2 for all i ∈ I implies that A i = S for some i ∈ I if and only if |I| = 1. Moreover, if I ♭ ⊆ I and S = i∈I ♭ A i , then S = i∈I ♭ A i and I = I ♭ . The family A = (A i ) i∈I is an additive system if A is a unique representation system for the set of nonnegative integers. Thus, A is an additive system if N 0 = i∈I A i . The following lemma follows immediately from the definition of an additive system. Lemma 1. Let B = (B j ) j∈J be an additive system. If {J i } i∈I is a partition of J into pairwise disjoint nonempty sets, and if
The additive system A obtained from the additive system B by the partition procedure described in Lemma 1 is called a contraction of B. (In [1] , de Bruijn called A a degeneration of B.) If I = J and if σ is a permutation of J such that J i = {σ(i)} for all i ∈ J, then A and B contain exactly the same sets. Thus, every additive system is a contraction of itself. An additive system A is a proper contraction of B if at least one set A i ∈ A is the sum of at least two sets in B.
For real numbers a and b, we define the intervals of integers [a, b) = {x ∈ Z : a ≤ x < b} and [a, b] = {x ∈ Z : a ≤ x ≤ b}. Let X be a set of integers and let d be an integer. The dilation of X by d is the set d * X = {dx : x ∈ X}. Lemma 2. Let B = (B j ) j∈J be an additive system. and let
The additive system A obtained from the additive system B by the procedure described in Lemma 2 is called the dilation of B by g.
There are certain additive systems that de Bruijn called British number systems. A British number system is an additive system constructed from an infinite sequence of integers according to the algorithm in Theorem 1 below. de Bruijn [1] proved that British number systems are essentially the only additive systems. Theorem 1. Let (g i ) i∈N be an infinite sequence of integers such that g i ≥ 2 for all i ≥ 1. Let G 0 = 1 and, for i ∈ N, let G i = i j=1 g j and
Then A = (A i ) i∈N is an additive system. Theorem 2. Every additive system is a British number system or a proper contraction of a British number system. The proof of Theorem 2 depends on the following fundamental lemma.
Lemma 3. Let A = (A i ) i∈I be an additive system. If |I| ≥ 2, then there exist i 1 ∈ I, an integer g ≥ 2, and a family of sets B = (B i ) i∈I such that
and, for all i ∈ I \ {i 1 },
is an additive system, and A is the dilation of the additive system B by the integer g. If B i1 = {0}, then B = (B i ) i∈I is an additive system and A is a contraction of the additive system B dilated by g.
For proofs of Lemmas 1, 2, and 3 and Theorems 1 and 2, see Nathanson [2] . This paper gives a refinement of de Bruijn's theorem. Every additive system is a contraction of a British number system, but even a British number system can be a proper contraction of another British number system. An additive system that is not a proper contraction of another number system will be called indecomposable. In Section 2 we describe all indecomposable British number systems.
In Section 3 we define the limit of a sequence of additive systems and indicate the stability of British number systems.
Decomposition of additive systems
Contraction and dilation are methods to construct new additive systems from old ones. Decomposition is a third method to produce new additive systems. The set A of integers is a proper sumset if there exist sets B and C of integers such that |B| ≥ 2, |C| ≥ 2, and A = B + C. For example, if u and v are integers and v − u ≥ 3, then the interval [u, v) is a proper sumset:
The set A of integers is decomposable if there exist sets B and C such that |B| ≥ 2, |C| ≥ 2, and A = B ⊕ C. If A = B ⊕ C, then g * A = g * B ⊕ g * C, and so every dilation of a decomposable set is decomposable.
An indecomposable set is a set that does not decompose. If A is a decomposable set and A = B⊕C, then |A| = |B||C| with min(|B|, |C|) ≥ 2, and so |A| is a composite integer. Thus, a finite set whose cardinality is prime must be indecomposable. However, not every set with a composite number of elements is decomposable. For example, the n-element set {0, 1, 2, 2 2 , . . . , 2 n−2 } is indecomposable for every n ≥ 2. Decompositions are not necessarily unique. For example, if the integer n is composite, if C = [0, n), and if d is any divisor of n such that 1 < d < n, then
The interval [0, n) has a unique decomposition if and only if n is the square of a prime number.
An additive system A = (A i ) i∈I is called decomposable if the set A i0 is decomposable for some i 0 ∈ I, and indecomposable if A i is indecomposable for all i ∈ I. If A is a decomposable additive system and if A i0 is a decomposable set in A, then there exist sets of integers B and C such that |B| ≥ 2, |C| ≥ 2, and A i0 = B ⊕ C. Recall that 0 ∈ A i for all i ∈ I. Translating B and C if necessary, we can assume that 0 ∈ B ∩ C. We define the additive system A ′ = (A ′ i ) i∈[j1,j2]∪I\{i0} as follows:
We call the additive system A ′ a decomposition of the additive system A.
Lemma 4. Let a and b be positive integers, and let X be a set of integers. Then Conversely, let X be any solution of (1). Let I = {1, 2, 3} and let A 1 = [0, a), A 2 = X, and A 3 = ab * N 0 . Again, the division algorithm implies that A = (A i ) i∈I is an additive system. Applying Lemma 3 to A, we obtain an integer g ≥ 2 and sets B 1 , B 2 , and B 3 such that
ab * N 0 = g * B 3 .
It follows that g = a, B 1 = {0}, B 3 = b * N 0 , and
There is also a nice polynomial proof of Lemma 4. Let
and so g(t)(h(t) − h X (t)) = 0.
Because g(t) = 0, it follows that h(t) = h X (t) or, equivalently, that a * [0, b) = X. An indecomposable additive system is an additive system A = (A i ) i∈I in which every set A i is indecomposable. Equivalently, an indecomposable additive system is an additive system that is not a proper contraction of another additive system. By Theorem 2, every additive system is a British number system or a proper contraction of a British number system. However, a British number system can also be a proper contraction of another British number system. Consider, for example, the British number systems A 2 and A 4 generated by the sequences (2) i∈N and (4) i∈N , respectively:
we see that A 4 is a contraction of A 2 . de Bruijn [1] asserted the following necessary and sufficient condition for one British number system to be a contraction of another British number system. Theorem 3. Let B = (B j ) j∈N be the British number system constructed from the integer sequence (h j ) j∈N , and let A = (A i ) ∈∈N be the contraction of B constructed from a partition (J i ) i∈N of N into nonempty finite sets. Then A is a British number system if and only if J i is a finite interval of integers for all i ∈ N.
H u−1 implies that the set A i0 does not contain the integer H u−1 (H v−1 /H u−1 ). In a British number system, every set consists of consecutive multiples of its smallest positive element. Because the set A i0 lacks this property, it follows that A is not a British number system. This completes the proof.
Theorem 4. There is a one-to-one correspondence between sequences (p i ) i∈N of prime numbers and indecomposable British number systems. Moreover, every additive system is either indecomposable or a contraction of an indecomposable system. Proof. Let A be a British number system generated by the sequence (g i ) i∈N , so that
Suppose that g k is composite for some k ∈ N. Then g k = rs, where r ≥ 2 and s ≥ 2 are integers. Construct the sequence (g ′ i ) i∈N as follows:
i∈N is the British number system generated by the sequence (g ′ i ) i∈N . We have
implies that
and so the British number system A is a contraction of the British number system A ′ . Conversely, if A is a contraction of a British number system
i∈N , then there are a positive integer k and a set I k of positive integers with |I k | ≥ 2 such that
Therefore,
Because |I k | ≥ 2 and |g ′ i | ≥ 2 for all i ∈ N, it follows that the integer g k is composite. Thus, the British number system generated by (g i ) i∈N is decomposable if and only if g i is composite for at least one i ∈ N. Equivalently, the British number system generated by (g i ) i∈N is indecomposable if and only if (g i ) i∈N is a sequence of prime numbers. This completes the proof.
Limits of additive systems
Let A be an additive system, and let (g i ) i∈ [1,n] be a finite sequence of integers with g i ≥ 2 for all i ∈ [1, n]. The dilation of A by the sequence (g i ) i∈ [1,n] is the additive sequence defined inductively by
Let (A n ) n∈N be a sequence of additive systems. The additive system A is the limit of the sequence (A n ) n∈N if it satisfies the following condition: The set S belongs to A if and only if S belongs to A n for all sufficiently large n. We write lim n→∞ A n = A if A is the limit of the sequence (A n ) n∈N . The following result indicates the remarkable stability of a British number system. Theorem 5. Let (g i ) i∈N be a sequence of integers such that g i ≥ 2 for all i ∈ N, and let G be the British number system generated by (g i ) i∈N . Let A be an additive system and let A n = (g i ) i∈[1,n] * A. Then lim n→∞ A n = G.
Proof. If S is a set in G, then S = G r−1 * [0, g r ) for some r ∈ N. By the dilation construction, S is a set in A n for all n ≥ r, and so S ∈ lim n→∞ A n .
Conversely, if S ∈ lim n→∞ A n , then S is a set in A n for all sufficiently large n. If S is finite, then max(S) < G N for some integer N . If n ≥ N and if A is a finite set in A n , then A = G r−1 * [0, g r ) for some r ≤ n or sup(A) ≥ G n ≥ G N . Thus, if S is a finite set in A n for all sufficiently large n, then S = G r−1 * [0, g r ) for some r ∈ [1, N ), and so S is in G. If S is an infinite set in A n , then min(S \{0}) ≥ G n and so no infinite set belongs to A n for infinitely many n. This completes the proof. Corollary 1. Let (g i ) i∈N be a sequence of integers such that g i ≥ 2 for all i ∈ N, and let G be the British number system generated by (g i ) i∈N . If G n = (g i ) i∈ [1,n] * N 0 , then lim n→∞ G n = G.
